GLOBAL DYNAMICS OF PLANAR
QUASI-HOMOGENEOUS DIFFERENTIAL SYSTEMS

YILEI TANG! AND XIANG ZHANG?

ABSTRACT. In this paper we provide a new method to study global
dynamics of planar quasi-homogeneous differential systems. We first
prove that all planar quasi-homogeneous polynomial differential sys-
tems can be translated into homogeneous differential systems and show
that all quintic quasi-homogeneous but non-homogeneous systems can
be reduced to four homogeneous ones. Then we present some properties
of homogeneous systems, which can be used to discuss the dynamics of
quasi-homogeneous systems. Finally we characterize the global topolog-
ical phase portraits of quintic quasi-homogeneous but non-homogeneous
differential systems.

1. INTRODUCTION

In the qualitative theory of planar polynomial differential systems, there
are lots of results on their global topological structures. But there are only
few class of planar polynomial differential systems whose topological phase
portraits were completely characterized. This paper will focus on the global
structures of quasi-homogeneous polynomial differential systems.

Consider a real planar polynomial differential system

(1) ZL’ZP(CC,y), y:Q(az,y),

where P(z,y),Q(z,y) € Rlz,y], PQ # 0 and the origin O = (0,0) is a
singularity of system (1). As usual, the dot denotes derivative with respect
to an independent real variable ¢t and R|x, y] denotes the ring of polynomials
in the variables z and y with coefficients in R. We say that system (1) has
degree n if n = max{deg P, deg @Q}. In what follows we assume without loss
of generality that P and @ in system (1) have not a non—constant common
factor.

System (1) is called a quasi-homogeneous polynomial differential system
if there exist constants s1,s2,d € N such that for an arbitrary o € Ry it
holds that

(2) P(e”z,0%y) =" P(z,y),  Q(a"z,a%y) = o™ 71Q(x,y),
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where N is the set of positive integers and Ry is the set of positive re-
al numbers. We call (s1, s2) weight exponents of system (1) and d weight
degree with respect to the weight exponents. Moreover, w = (s1, s2,d) is de-
nominated weight vector of system (1) or of its associated vector field. For
a quasi-homogeneous polynomial differential system (1), a weight vector
W = (31, 32, d) is minimal for system (1) if any other weight vector (s, s2, d)
of system (1) satisfies §; < s1,52 < so and d < d. Clearly each quasi—
homogeneous polynomial differential system has a unique minimal weight
vector. When s; = s9 = 1, system (1) is a homogeneous one of degree d.

Quasi—homogeneous polynomial differential systems have been intensively
investigated by many different authors from integrability point of view, see
for example [2, 14, 15, 16] and the references therein. It is well known that
all planar quasi-homogeneous vector fields are Liouvillian integrable, see e.g.
[11, 12, 17]. Specially, for the polynomial and rational integrability of planar
quasi-homogeneous vector fields we refer readers to [3, 6, 20, 28], and for
the center and limit cycle problems we refer to [1, 13, 17] and the references
therein.

Homogeneous differential systems are a class of special quasi-homogeneous
polynomial differential systems of form (1) with deg P = deg ), which have
also been studied by several authors, see e.g. [9, 21, 23, 25, 26| for quadratic
homogeneous systems, [8, 27] for cubic homogeneous ones, and [8, 19] for
homogeneous ones of arbitrary degree. These papers have either character-
ized the phase portraits of homogeneous polynomial vector fields of degrees
2 and 3, or obtained the algebraic classification of homogeneous vector fields
or characterized the structurally stable homogeneous vector fields.

Recently, Garcia et al [12] provided an algorithm to compute quasi-
homogeneous but non-homogeneous polynomial differential systems with
a given degree and obtained all the quadratic and cubic quasi-homogeneous
but non-homogeneous vector fields. Aziz et al [4] characterized all cu-
bic quasi-homogeneous polynomial differential equations which have a cen-
ter. Liang et al [18] classified all quartic quasi-homogeneous but non—
homogeneous differential systems, and obtained all their topological phase
portraits. Tang et al [24] presented all quintic quasi-homogeneous but non—
homogeneous differential systems, and characterized their center problem.

Until now the topological phase portraits of all quintic quasi-homogeneous
but non—homogeneous differential systems have not been settled. As we
checked, it is difficult to apply the methods in [4, 18] to deal with this prob-
lem. For doing so, we will provide a new method to study topological struc-
ture of quasi-homogeneous but not homogeneous differential systems. First
we prove a general result and show that all quasi-homogeneous differential
systems can be translated into homogeneous ones. Secondly we character-
ize the phase portraits of quintic quasi-homogeneous but non—homogeneous
polynomial vector fields.



PLANAR QUASI-HOMOGENEOUS DIFFERENTIAL SYSTEMS 3

This article is organized as follows. Section 2 will concentrate on proper-
ties of quasi-homogeneous polynomial differential systems. There we pro-
vide expressions of all homogeneous differential systems which are trans-
formed from quintic quasi-homogeneous differential systems. Section 3 in-
troduces the methods of blow—up and normal sectors to research the global
properties of homogeneous differential systems, where we obtain some result-
s, which partially improve the results in [8]. The last section is devoted to s-
tudy the global structures and phase portraits of quintic quasi-homogeneous
differential systems.

2. PROPERTIES OF QUASI-HOMOGENEOUS VECTOR FIELDS

The main aim of this section is to prove that all quasi-homogeneous but
non—homogeneous differential systems can be translated into homogeneous
differential systems and to apply this result to study topological structure
of quintic quasi-homogeneous differential systems. For doing so, we need to
introduce the generic form of a quasi-homogeneous but non—homogeneous
differential system of degree n. Without loss of generality we assume that
$1 > S9, otherwise we can exchange the coordinates x and y.

By [12, Proposition 10], if system (1) is quasi-homogeneous but non—
homogeneous of degree n with the weight vector (si, s2,d) and d > 1, then
the system has the minimal weight vector

(3) ] <<+"f K 1+(p—1)c+(n—1)ﬁ>’

s T

S S S

w =

with p € {0,1,....n—1}, ¢ €{1,2,....n—pland k € {1,...,n—p—c+ 1}
satisfying
(s+r)(d—-1) _ K(d—-1)

D ’ S2 = D ;
where D = (p — 1)¢ + (n — 1)k and s = ged(s, k). Furthermore, by the
algorithm posed in subsection 3.1 of [12] the quasi-homogeneous but non—
homogeneous differential system (1) of degree n with the weight vector
(s1,82,d) can be written as

(4) chn = Xﬁ + Xﬁi’z =+ V}Km

where

S1 =

_ n— -1, n—p+1I\T
X5 = (apn—pz™y" P, by nprrz? Yy )

is the homogeneous part of degree n with coefficients not simultaneous van-

ishing,
Vier = Z Xﬁ?f;l’
s1€4l,...,n—p}\{s}

K¢S = k61 and
ke €{L,...,n—q —p+1}

pSKE pt+K, n—S—p—K ptr—1, n—¢—p—k+1\T
Xn_g = (ap—l—/-c,n—g—p—nx Yy s bp—i—/@—l,n—c—p—m—i—lSU Y ) 5
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PS1Ksy . : PSK
and X" "'’s having the same expressions as that of X;>" . In order for X

to be quasi-homogeneous but non—homogeneous of degree n we must have
XPE # 0 and at least one of the other elements not identically vanishing.

Using the above algorithm and the associated notations, we can prove the
next result.

Theorem 1. Any quasi-homogeneous but non—homogeneous polynomial d-
ifferential system (1) of degree n can be transformed into a homogeneous

polynomial differential system by a change of variables being of the compo-
52 51
sition of the transformation & = (£x)? , § = (Ly)? , where § is a suitable

nonnegative integer.

Proof. Assume that the quasi-homogeneous system of degree n has the mini-
mal weight vector (s1, s2,d). We will distinguish two cases: d > 1 and d = 1.
Case 1. d > 1. According to discussion before Theorem 1, we only need to
prove that the following system
(5)
ap’n_pxpynfp + ap_i_mn_g_p_nxzﬂrnynf(fp*n

T - +ap+m,n—§1 —p—r1 rpthl ynfq —Pp—K1
< y ) B bp—l,n—p+1xp_1yn_p+1 +bp+m—1,n—§—p—m+1xp+ﬁ_1yn_g_p_lﬁ_l
11;P+H1—1yn—<1—p—f€1+1

+X,
F0ptr1—1n—c1—p—r1+

can be changed to a homogeneous differential system, where

X = ‘/pgm - 217
with

a ¢ —p—
71 = P+K1,N—C1—pP—K1
bp

rPtr1 Yy TLTP TR
+r1—1,n—c1—p—k1+1

gPtri—lyn—ai—p=ri+l

an arbitrary chosen vector valued homogeneous part in V), (see (4)). Note
that

bpfl,nprrl =0, ifp =0,

Ap+r1,n—c1—p—K1 — 0, ifp=n+1-q — k1.

For (z,y) € Ri, taking the change of variables

(6) F=ab, j=y7,
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where § € N will be determined later on, we get from system (5) that

(7)

s Be=1) L1 Bln=p) Blptr=1) 1 Bln=s—p=r)
FQ Apn—pT 52 Y ol A+ Qpprp—c—p-rT 2 Y 51
Blotry—1) 1 Blr—si—p—r1)
FOptr1n—c1—p—r1 T 52 Y !
x Bp=1) Bn—p)
= Blel) Blnop) g
(y) 7 <bp1,np+1ff 2y
Blptr=1) pln=s—p=r) 4
+bptr—1n—c—p-r+1T 2 Y 81
Blotry=1)  Bln—si—p—r1) 4
+bp+51*1,n*§1*p*l€1+1$ 2 Y *1

where for simplicity we still use « and y replacing  and §. We remark that
here taking (z,y) € R2 is only for simplifying notations. In the other cases,

52 51

for example x < 0 and y < 0 we can take T = —(—z) %, g = —(—y)?.
Next, by (3) and (4) we could see

S+ kK K
1= , So=—, and Ki1$ =K.
S S
These imply that
R + K K + K
(8) s1k = s3(s + k) and LS _ M _aTh

82 S1 52 S1

Hence the degrees of the terms in the equation of & in (7) hold:

Bp=1) , 1 B(n=p) Blptr=1) | Bln—<—p—k)
deg(a: 52 +y 51 >—deg<x 52 Jry 51 )

Bptm=1) | Bln—g —p=r)
9) =deg |z =2 Yy 51 .

Thus, all terms on the right hand side of the equation of & in (7) have the
same degree, because Z1 is an arbitrarily chosen homogeneous vector field
in Vipeg.

A similar calculation as above shows that

Blp=1) pln=p) 4 Blptr=1) Bln—s—p=r) L
deg|lx =2 y = =deg(z =2 vy 51

Bptm 1) Bi—q—p-ry) |
(10) =deg|z = y 51

in the equation of y in (7), which are also equivalent to (8). Furthermore,
notice that the degrees of the second terms on the right hand of & and ¢ in
(7) respectively are same, i.e.,

5(p+n—1)+1 B(n—s—p—k) B(ptr—1) B(n—c—p—f@)_,_l
(11)  deg (z =2 Y °1 =deg [z 2 vy 51 .

Hence, it follows from (9), (10) and (11) that all terms in system (7) have
the same degree.

+X,
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Now, we only need to prove that system (7) is a polynomial differential
system after choosing an appropriate integer 3.

When 0 < p <n+1—¢ — k1, by the expression of the degree mentioned
above we can choose 3 to be the least common multiple of s; and s, i.e.,

(12) B = lem(sy, s2),

because n, s1, 2, Kk, kK1,5,51 € N.
When 0 =p<n+1—¢ —k1 (tesp. 0<p=n+1—-¢ —kK1,0=p=
n+1—¢ — k1), we still choose 8 = lem(sy, s2). After the time rescaling

L1 L1 B B4 .
dt = xs2 “dt; (resp. dt = y*1 "dty, dt = x*2 "yt dty), system (7) is
translated to a polynomial differential system.

Case 2. d = 1. From [12, Proposition 9], the minimal weight vector of the
quasi-homogeneous but non-homogeneous differential system of degree n is
(n,1,1) and the system is

(13) T = aony” + aox, Y = bory,

where the coefficients ag,, a19 and by are not all equal to zero. Applying
the transformation

(14) F=an, G=y,
together with the time scaling dt = "~ 'dt;, system (13) becomes

.1 . _
(15) T = ﬁ(CLOnyn +awz"), = boya""",
where we still use x,y replacing Z,y for simplicity.
We complete the proof of the theorem. O

We note that the changes of variables (6) and (14) may not be smooth at
x =0 and y = 0. But we can apply them for studying topological structure
of the systems as shown below.

By Theorem 1, any quasi-homogeneous but non-homogeneous polynomi-
al differential system (4) of degree n can be transformed into a homogeneous
differential system. Actually, we can ascertain the degree of the homoge-
neous system obtained above.

Theorem 2. An arbitrary quasi—homogeneous but non-homogeneous poly-
nomial differential system (1) of degree n with the minimal weight vector
w = (s1,82,d) can be transformed to a homogeneous differential system of
degree either d, ord+s1 —1 ord+ so —1 or d+ s1 + so — 2 by the change

(6).

Proof. First of all, we claim that s; and so are coprime. Indeed, by contrary,
if s; and s have a great common divisor larger than 1, set

r = ged(sy, s2) > 1.
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Since P # 0, without loss of generality, let a,izn—c—p—z2PTFy"<"P~% be a
nonvanishing monomial of P(x,y) in system (1), where ¢, p,k € NU{0} and
n € N. Thus,

(16) (p+r—1Dsi+(n—¢—p—FR)so=d— 1,

because system (1) is quasi-homogeneous and P satisfies (2). It indicates
that r also divides d — 1. So, we have

(17) s1 =181, S2 =718, d—1=r(d—1),

where §1,32,d € N and 31 < s1,82 < s9,d < d. Using equalities (2) again
together with (17), we obtain

P(a”'z,a%y) = P(a"*z,0"2y) = o™ MV P(z,y)

(18) = a1 D P(a,y) = (o) P2, y).
A similar calculation also shows that
(19) Q((a")¥ 'z, (a")y) = (a")=HIDQ(x, y).

Hence, by (18) and (19), we get that the vector (3,39, d) is also a weight
vector of quasi-homogeneous system (1) and §; < s1,82 < so,d < d, a
contradiction with the fact that w = (s1, s2,d) is the minimal weight vector
of system (1). Therefore, s; and s2 have not a common divisor. The claim
follows.

The above shows that lem(s, s2) = s152. From the choice of 5 as in (12),
we get 8 = s1s2. In the following, we discuss the degree of system (7) in
two cases: d > 1 and d = 1.

Case 1. d > 1. Then, it follows from (9) and (16) that

Blptk=1) 11 Bn—S—p=k) ~ . -
deg (x = y o1 =(p+k-—1s1+1+(n—-S—p—k)sy=d,

Hence, we can translate a general quasi-homogeneous but non—homogeneous
differential system (1) of degree n into a homogeneous differential system of
degree d when 0 < p <n+1—¢ — k1.

If0=p<n+1-¢ — K1, some calculations show that

=By bBn
deg (z52 ys1 |+s1—1=—-s1+1+nss+s1—-1=d+s1—1,

by substituting p = ¢ = & = 0 in (16) and using (9) again together

with a time rescaling dt = xg_ldtl = 2517 1dt;. At this time, the quasi-
homogeneous but non-homogeneous differential system (1) of degree n can
be transformed to a homogeneous differential system of degree d + s; — 1.

When 0 < p=n+1—¢ —ky (rtesp. 0 =p=n+1-—¢ — K1), the
quasi-homogeneous but non—homogeneous differential system (1) of degree
n can be transformed to a homogeneous system of degree d + sy — 1 (resp.
d+ s1 + s2 — 2) by a similar calculation as that in the case 0 =p <n+1—
S1 — K1.
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Case 2. d = 1, the quasi-homogeneous but non—-homogeneous differential
system of degree n can be transformed to a homogeneous differential system
of degree d + s1 — 1, see (15).

We complete the proof of the theorem. O

The following result is an easy consequence of Theorem 2.

Corollary 3. If a quasi-homogeneous but non—-homogeneous differential sys-
tem (1) of degree n has the minimal weight vector w = (s1,s2,d), then at
least one of s1 and ss is odd.

By Corollary 3 at most one of s; and s9 is even. If one of them is even, we
assume without loss of generality that so is even. Then the transformation
(6) can be written as

1
N 1 s2 if y >0,
F=gas1, = Y2 N Ly

—(—y)=2 ify<0.

1

Of course, if s9 is odd, then § = y*2. Clearly the change (6) is a one to one
correspondence in the half plane y > 0 provided that s; is odd. Then, for
(z,7) € R% we can change any quasi-homogeneous but non-homogeneous
polynomial differential system (1) of degree n into a homogeneous polyno-
mial differential system in Theorem 1.

The following theorem guarantees that quasi-homogeneous systems are
symmetric with respect to either an axis or the origin with possibly a time re-
verse. Using this fact we can obtain global dynamics of a quasi-homogeneous
differential system through the dynamics of its associated homogeneous sys-
tems in the half plane.

Theorem 4. An arbitrary quasi—homogeneous but non—homogeneous poly-

nomial differential system of degree n with the minimal weight vector (s1, 2, d)
is invariant either under the change (z,y) — (x,—y) if s1 is even and sy

is odd, or under the change (z,y) — (—x,y) if s1 is odd and sg is even, or

under the change (z,y) — (—x, —y) if both s1 and sy are odd, without taking

into account the direction of the time.

Proof. First we discuss the case d > 1, s; is even and s is odd for the quasi-
homogeneous system (5). Taking the change of variables (Z,y) = (x, —y),
we rewrite system (5) as

(20)
(=1)" Pap pprPy" P
+( 1)n S—p— ap+m7n_§_p_n$p+ﬁyn S—p—kK
i\ +(=1)nm1P= M Ut sy m—c1—p— ,@1337””13/" S1—p—HK1 WX
y N ( 1)n p p 1,n— p—l—lxp ly —pl ’
— 1) TP b e H+1xp+m_1yn_<_p_ﬁ+1

n—g¢ K +k1—1, n—¢ k1+1
D Yoptiy —1m—gy—p—ry 1 2P TRy TP
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where we still write Z, § as x, y respectively for simplicity to notations.

Now, we only need to prove (—1)ST* = (—=1)1*%1 = 1 i.e., both ¢+~ and
¢1 + k1 are even. In fact, from calculation of the minimal weight vector (3)
we obtain that

S+ Kk =581, ¢1 + K1 = S51,

where s = ged(s, k) and § = ged(s1, k1). These force that both ¢ 4+ k and
¢1+~1 are even. Besides, the fact that Xﬁ?:jl is an arbitrarily chosen homo-

geneous part of X indicates that system (20) is the same as system (5) after
a time rescaling dt = dt/(—1)""P. This proves that any quasi-homogeneous
but non-homogeneous polynomial differential system is invariant under the
change (z,y) — (z,—y) if d > 1, s1 is even and sy is odd.

For the remaining three cases: d > 1, s1 is odd and s is even; d > 1, s1
and sy are odd, and d = 1, the proof is similar to the case that d > 1, s; is
even and sy is odd. The details are omitted. O

We remark that the least common multiple of s; and s9 is not the unique
choice for 3, although Theorem 1 and Theorem 2 give a method showing how
to translate a quasi-homogeneous but non-homogeneous differential system
into a homogeneous one. Actually, we can select any common multiple of
s1 and s9 for 8. Besides, if the quasi-homogeneous but non—homogeneous
differential system with the minimal weight vector w = (si,s2,d) has s-
pare terms, we could choose § = 1 in (6), which together with a time
rescaling translates the system to a homogeneous one with degree less than
that of the homogeneous system translated by using the change (6) with
B = lem(sy, s2). Next examples demonstrate that for some systems we can
use the change of variables

(21) T=ux", g=y°.
Consider a quasi-homogeneous system
(22) i = aosy’ + a3y’ + ana®y, § = boay® + brazy” + baoa?,

in ]Ri, with agsbeo # 0 and the minimal weight vector w = (2,1,4). Taking
the change (6) with 8 = lem(s1, s2) and the time rescaling dt = Zdt;, system
(22) is translated to the homogeneous one of degree 5

T = (a05y5 + a13x2y3 + a21x4y) /2, Y= 5041'3/4 + 512$3y2 + b20$5.
However, system (22) is translated to the homogeneous one of degree 2
& = aosy” + aizry + amz®, g = 2(boay’ + brawy + boo?),

by the change (21) together with the time rescaling dt = dtl/gﬁ. Hereafter,
we still write Z, 7 as z,y for the change of variables (z,y) — (7,7).
Consider another quasi-homogeneous system

& = apgxy?, 4 = bosy® + byox?
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in Ri, with a14bp5b40 # 0 and the minimal weight vector w = (5,4,17). It
is translated to the homogeneous system of degree 20

T = a14xy19/5, Y= (b05y20 + b40$20)/47

by the change (6) with 3 = lem(sy, s2) and the time rescaling dt = 3dty,
and is translated to a linear homogeneous system

& =4danzx, 9 = 5(bosy + baox)

by the change (21) together with the time rescaling dt = dt;/ g%.

These examples show that the change (6) can always transform a quasi—
homogeneous but non-homogeneous differential systems into a homogeneous
one, but § = lem(sy, s2) in the change (6) may not be a best choice.

The next result, due to Tang et al [24], characterizes all quasi-homogeneous
but non—homogeneous quintic polynomial differential systems.

Lemma 5. Fvery planar quintic quasi-homogeneous but non—homogeneous
polynomial differential system is one of the following 15 systems:

Xoi1: = aosy5 + a13:ry3 + a21m2y, Y= b04y4 + b1zﬂﬁy2 + booz?,

with apsbao # 0 and the weight vector w = (2,1,4),
Xo12: @ =aosy’ + ant’y’, § = biszy’ + bsoz’,

with apsbso # 0 and the weight vector w = (3,2, 8),
Xoia: @ =aosy’ + asx’, §=bsz’y,

with apsasobs1 # 0 and the weight vector w = (5,4, 16),
Xois: & = aosy’, ¥ = baox’,

with apsbao # 0 and the weight vector w = (6,5, 20),
Xoo1: & = aosy’ + a12xy’, ¥ = bosy® + biow,

with apsbio # 0 and the weight vector w = (3,1, 3),
Xozs: @ = aosy’ +asox’, § = barz’y,

with apsasob21 # 0 and the weight vector w = (5,3, 11),
Xos2: & = aosy’ + azr’, = biizy,

with apsazpbi1 # 0 and the weight vector w = (5,2,6),
X1 : &= auzy’ + azr’y’ + azox®, § = bosy” + biszy® + barz’y,

with asobos # 0 and the weight vector w = (2,1,5),
Xus: &= auzy’ +awz’, ¥ = bosy® + bs1z’y,

with asobos # 0 and the weight vector w = (4,3, 13),
X11a: &= auzy’, y=bosy’® + baox”,

with a14bosbao # 0 and the weight vector w = (5,4, 17),
X123 : & = auxy’, y = bosy’® + bsox®,

with a14bosbso # 0 and the weight vector w = (5,3, 13),
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Xi31: &= a14xy4 + (120$2, Y= b05y5 + biuizy,

with azobos # 0 and the weight vector w = (4,1,5),
Xiz2: &= a14xy4, Y= b05y5 + bzomz,

with a14bosb2o # 0 and the weight vector w = (5,2,9),
X : &= awawy®, § = bosy’® + bio,

with a14bosbio # 0 and the weight vector w = (5,1,5),
X1: & =aopsy’ + aow, §=bny,

with agsaiobor # 0, and the weight vector w = (5,1, 1).

Next result presents the homogeneous differential systems which are trans-
formed from all quintic quasi-homogeneous but non—homogeneous polyno-
mial differential systems in Lemma 5.

Theorem 6. Any quintic quasi—-homogeneous but non—homogeneous poly-
nomial differential system when restricted to either y > 0 or x > 0 can be
transformed to one of the following four homogeneous systems

Hs :

Ho :

Hi:

Ho :

@ = z(c12y” + corxy + cz0r”), ¥ = y(dosy® + diszy + do1z”),
with c3odos # 0,

T = 002y2 + ciixy + 020:1027 Y= d02y2 + duzy + d20$27
with coad20 # 0, or co2 = dao = 0, ca0do2 # 0,

T = co1y + ciox, Yy = dory + diox,

with C01d10 7& 0, or dm = 0,601610d01 ;ﬁ 0, or Co1 = O,Clodmdm 7& 0,

T = Co, y = do, with Codo 7& 0.

Proof. Using the change (21) and the programm in the proof of Theorem
1, some calculations show that the quintic quasi-homogeneous system X
in Lemma 5 can be correspondingly transformed into a homogeneous one,
denoted by Xj;i or Xj.

)?011 o= (10592 + aizry + a21x2, Y= 2(b04y2 + biozy + b20x2),

with apsb2o # 0, by dt = dif1/y%7 y >0,
Xowo: &= 2(aosy + a22x), ¥ = 3(bisy + bsox),

with apsbszo # 0, by dt = dtl/(:c%y%)7 x>0,
Xow: o= 4(aosy + as0x), Yy = 5ba1y,

with aosasobs1 £ 0, by dt = dt; Jx1, x> 0,
Xois: &= 5a05, y = 6bao,

with aosbao # 0, by dt = dt,/(z5y?), y >0,
Xog1: &= aosy + a2z, ¥ = 3(bosy + biox),

with aosbio # 0, by dt = dt1/y3,
Xogs : &= 3(aosy + asox), Yy = 5bary,

with apsasobz1 # 0, by dt = dtl/x%,
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Xosz: @ = 2(aosy + azox), 7 = 5b11y,
with aosazobin # 0, by dt = dtl/mé’ x>0,
Xin: d= anazy’ + azx’y + asoz’, § = 2(bosy’ + biszy® + b21x2y),
with azobos # 0, y > 0,
Xus: &= 3z(a1ay + asox), § = 4y(bosy + bz1),
with asobos # 0, y > 0,
Xia: &= daraz, § = 5(bosy + baox)
with arabosbao # 0, by dt = dt1/y*, x>0,
Xios: @ = 3a1az, § = 5(bosy + bsox),
with aisbosbso # 0, by dt = dt1/y*,
X1 : & = anazy + az0z?, § = 4(bosy” + biizy),
with az0bos # 0, y > 0,
Xiso: @ = 2a1ax, § = 5(bosy + bao),
with aisbosbzo # 0, by dt = dt1/y
X1 : @ = auz, §=5(bosy + broz),
with a14bosbio # 0, by dt = dtl/y%,
X : T = aosy + a10x, Y = 5bo1y,
with agsaiobor # 0,

EIS

, x>0,

where we still use z,y replacing z,y for simplifying notations. Note that
each Xjj;, or X is one of the four systems in the theorem. We complete the
proof of the theorem. O

3. PROPERTIES OF HOMOGENEOUS VECTOR FIELDS

For studying topological phase portraits of the quintic quasi-homogeneous
but non-homogeneous systems via Theorem 6, we need the knowledge on
homogeneous polynomial differential system. Here we summarize some of
them for the next dynamical analysis of quasi-homogeneous differential sys-
tems.

For a planar homogeneous polynomial vector field of degree n € N'\ {1},
its origin is a highly degenerate singularity. For studying its local dynamics
around the origin, the blow—up technique is useful. Commonly, we can blow
up a degenerate singularity in several less degenerate singularities either on
a cycle or in a line. Here, we choose the latter, which can be applied to the
singularities both in the finite plane and at the infinity.

Consider the planar homogeneous polynomial vector field of degree n > 1

i+j=n itj=n
with ¢;;,d;; € R not all equal to zero, and P, and @, coprime. The origin
is the unique singularity of system H, in R?. The change of variables

(24) xr =z, y=ur,
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transforms system (23) into

=P (lu)=23,,., ciju,

da
(25) ar | |
= G(Lu) =340, (dig — ciju’th),

dr
after the time rescaling dt = dr /2"~ !, where

(26) G(z,y) == 2Qun(7,y) — yPu(z,y).

Recall that (24) is the Briot—-Bouquet transformation, see e.g. [5], which
decomposes the origin of system (23) into several simpler ones located on the
u—axis of system (25). That is, the zeros of G(1,u) determine the equilibria
located on the w-axis of system (25), which correspond to the characteristic
directions of system (23) at the origin.

In [8] Cima and Llibre presented a classification of the singularity at
the origin of system (23). Here we will provide more detail conditions for
characterizing the singularity.

Suppose that there exists a ug satisfying G(1,ug) = 0. Then E = (0, ug)
is a singularity of system (25) and system (23) has the characteristic direc-
tion @ = arctan(ug) at the origin. Besides, P, (1,ug) # 0 since G(1,ug) = 0.
Otherwise, y —ugx is a common factor of @, (z,y) and P,(z,y), a contradic-
tion with the fact that Q,(z,y) and P,(x,y) are coprime. In the following
we denote by G’(1,ug) the derivative with respect to u at .

Proposition 7. For the singularity E = (0,ug) of system (25), the following
statements hold.

(a) For G'(1,up) # 0, the singularity E is
— either a saddle if Pp(1,u0)G’'(1,up) <0,
— or a node if Pp(1,u9)G'(1,up) > 0.
(b) For G'(1,ug) = 0, if ug is a zero of multiplicity m > 1 of G(1,u),
then E is
— either a saddle if m is odd and Py (1,u0)G"™ (1,u) < 0,
— or a node if m is odd and Py(1,u0)G" (1,u9) > 0,
— or a saddle—node if m is even.

Proof. An easy computation shows that the Jacobian matrix of system (25)
at singularity E = (0,ug) is

5= ("G o)

Then statement (a) follows from this expression of J(E).

When G(1,u9) = G'(1,ug) = 0, we get P,(1,ug) # 0. In this case, the
matrix J(E) has the eigenvalues 0 and P,(1,ug). Moving E : (0,ug) to the
origin and taking the time rescaling dr = dm1/P,(1,ug), system (25) can be
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rewritten as

(27)
d .
di = 2Py (Lu+uo)/Pa(lug) =2 3 cij(u+uo)/Pa(1, ug),
d7'1 i+j=n
u .
i G(Lu+wug)/Pa(l,uo) = > (dij — cij(u+uo))(u+uo)’ /Pr(1, up).
i+j=n

Notice that = 0 is invariant under the flow of system (27) and the linear
part of the system is in canonical form. Since wug is a zero of multiplicity
m of G(1,u), we get from [29, Theorem 7.1, Chapter 2| the conclusion of
statement (b). This proves the proposition. O

Note that the change (24) is singular on x = 0. We now determine the
number of orbits which approach origin and are tangent to the y—axis.

Applying the polar coordinate changes x = r cosf and y = r sin 6, system
(23) can be written in

ldr H(9)
(28) B G
where
G#) = G(cosb,sind),
H(9) = H(cosb,sinb),
H(z,y) = yQu(z,y) +xPu(z,y).

Hence a necessary condition for 8 = 6, to be a characteristic direction of the
origin is G(cos 6y, sinfp) = 0.
If ug is a root of the equation G(1,u) = 0, then H(1,ug) # 0 since

(29) H(1,up) = (1 +ud)Pu(1,up),

and P, (1,up) # 0 from the fact that Q,(z,y) and P, (x,y) are coprime.
The next proposition provides the properties of system (23) at the origin
along the characteristic direction § = 7, i.e., G(v,1) = 0 at v = 0, where

2
v=uzx/y.

Proposition 8. Assume that 0 = 7 is a zero of multiplicity m of 6(6)
The following statements hold.

o If m > 0 is even, there exist infinitely many orbits connecting the
origin of system (23) and being tangent to the y—azis at the origin.

e Ifm is odd, there exist either infinitely many orbits zfé(m)(g)ﬁ(g) >
0, or exactly one orbit if é(m)(%)f[(%) < 0, connecting the origin of

system (23) and being tangent to the y—azis at the origin.

Proof. Since 6 = 7 is a zero of multiplicity m of G(6), we have é(m)(%) #0.
In addition, we have
PNI(%) = H(cosg,sing) = H(0,1) #0,
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where we have used the facts that G(0,1) = 0 and that Q,(x,y) and P, (z,y)
have no a common factor.

Applying the results on normal sectors, see e.g. [22, Theorems 4-6, Chap-
ter 5] or [29, Theorems 3.4, 3.7 and 3.8, Chapter 2|, we obtain that either
infinitely many orbits connect the origin of system (23) along the charac-
teristic direction y—axis if m is even, or m is odd and é(m)(g)ﬁ(g) > 0, or
exact one orbit connects the origin of system (23) along the direction y—axis
if m is odd and é(m)(g)fl(%) < 0. O

The next result, due to Cima and Llibre [8], will be used later on.

Lemma 9. For the homogeneous system (23), the following statements hold.

e The vanishing set of each linear factor (if exists) of G(x,y) is an
invariant line of the homogeneous system (23).

e Fach singularity of system (23) at infinity is either a node, or a
saddle, or a saddle—nodes. The saddle—node happens if and only if
the corresponding root ug of the equation Gp(1,u) = 0 is of even
multiplicity.

e The origin of system (23) is a global center if and only if

(1,u)
[y, g

From the expression of G(z,y) in (26), we know that the origin of a
homogeneous polynomial system cannot be a center if the degree of the
system is even. Actually, in this case there exists a ug satisfying G(1,ug) =0
and the system has an invariant line y = ugzx.

Proposition 10. A homogeneous polynomial system has a center at the
origin only if the degree of the system is odd.

4. GLOBAL STRUCTURE OF QUASI-HOMOGENEOUS BUT
NON—HOMOGENEOUS QUINTIC SYSTEMS

From Theorem 6, there exist four homogeneous polynomial differential
systems, which are translated from quintic quasi-homogeneous but non-—
homogeneous systems. Here we only study the global topological structures
of quintic quasi-homogeneous differential systems, which are transformed
into the homogeneous differential systems H3 and Ho. We will not study
the ones which are transformed into H; and #Hp, because they are either
linear or constant systems, whose structures are simple and so are omitted.

Note that separatrices of a quasi-homogeneous system are usually not
easy to be determined directly. We will need the help of the ones of the re-
lated homogeneous differential systems. After obtaining the phase portraits
of the homogeneous systems H3 and Ha, we can get the phase portraits of
the original quintic quasi-homogeneous systems through symmetry of the
system with respect to the axes and the change of coordinates (21).
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First we study the homogeneous system s, which corresponds to the
quasi-homogeneous system X711. Based on the classification of fourth—order
binary forms, Cima and Llibre [8] obtained the algebraic characteristics of
cubic homogeneous systems and further they researched all phase portraits
of such canonical cubic homogeneous systems. However, it is not easy to
change a cubic homogeneous system to its canonical form since one needs to
solve four quartic polynomial equations. We will apply Propositions 7 and 8
and Lemma 9 to obtain the global dynamics of system H3 and consequently
those of quasi-homogeneous system Xi11.

Theorem 11. The global phase—portrait of the quintic quasi-homogeneous
system X111 1s topologically equivalent to one of the following 52 ones given
in Fig. 1 and Fig. 2 without taking into account the direction of the time.

Proof. Taking respectively the Poincaré transformations x = 1/z, y = u/z
and x = v/z,y = 1/z together with the time rescaling dr = bsdt/z?,
system X711 around the equator of the Poincaré sphere can be written re-
spectively in

(30) U = u((b21 — a30)22 + (b13 — agg)u2z -+ (1 — a14)u4),
3 = —z(a302® + agu’z + apgu?).

and

(31) v = v((a14 — 1) + (a22 — b13)’UZ + (a30 - b21)1)22’2),
2 = —2(1+ bigvz + by1v?2?),

where we still keep the notations of parameters a;; and b;; for simplicity.
Therefore, there exist only singularities Iy and I of system Xi1; located at
the infinity of the z-axis and the y-axis respectively if a;4 # 1. It is not
hard to see that Iy is either a saddle if a14 > 1, or a stable node if a4 < 1,
and Iy is always degenerate. When a14 = 1, the infinity fulfils singularities.

Notice from Theorem 4 that the corresponding quintic quasi-homogeneous
system Xj;; associated to Hs is invariant under the action (z,y) — (z, —y)
and the vector field associated to system Xj1; is symmetric with respect to
the x—axis. We only need to study the dynamics of system Xi1; in the half
plane y > 0, where the change (21) is invertible.

We now investigate the global dynamics of system 3, and then obtain
the ones of system Xj11. After the time rescaling dt = dt;/dp3, the cubic
homogeneous system Hj3 in Theorem 6 becomes

(32)

i = x(c12y® + ey + cz07?) = Ps(z,y),
y = y(y* + diowy + d22?) = Qs(z,y),

where c3g # 0 and we keep the notations for the parameters c;j,d;; for
simplicity. The change of variables (24) transforms the cubic homogeneous
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system (32) into

(33) {x = :1/5\]33(11) = x(c1ou® + ca1u + c30),
U= G3(u) == u((1 — c12)u® + (d12 — ca1)u + da1 — c30),
where
Py(u) = Ps(1,u), Gs(u) = Ga(1,u), Ga(z,y) = 2Qs(x,y) — yPs(z,y).
Suppose that ug is a zero of Gs (u). Notice that the multiplicity of ug is at

most 3 and G3(u) has at most three different zeros.
By (28) and (29), we get from Hs(z,y) = yQs(x,y) + xPs(z,y) that

(34) Hs(ug) := Hs(1,ug) = (1 4 ud)Ps(ug) # 0,

which implies that the sign of Ps (up) determines the direction of the orbits
along the line y = ugz. If P3(ug) > 0 (resp. < 0), the orbits will leave from
(resp. approach) the origin along the characteristic direction § = arctan(ug)
in the positive time.

By Proposition 7 and Lemma 9, the singularity £ = (0,ug) of system
(33) is a saddle if cither Ps(uo)Gy(ug) < 0, or Gh(ug) = G4(ug) = 0 and
ﬁg(Uo)agl(UO) < 0. And E = (0,up) is a node if either ﬁg(Uo)@é(Uo) >
0, or ég(uo) = @g(uo) = 0 and ﬁg(uo)@g/(uo) > 0. These show that
except the invariant line y = upx system Hs has either no orbits or infinitely
many orbits connecting the origin along the characteristic directions 8 =
arctan(ug).

In contrast, if G(ug) = 0 and G4 (ug) # 0, we get from Proposition 7 that
the singularity E = (0, up) of system (33) is a saddle-node. More precisely,
there exist infinitely many orbits of system Hs connecting the origin along
tAhe direction of the invariant line y = ugx if ug is a zero of multiplicity 2 of
Gs(u).

Notice that 6 = § is a zero of G3(cosf,sinf) with multiplicity m < 3.
From Proposition 8, there exist infinitely many orbits (resp. exactly one
orbit) connecting the origin of system (32) and being tangent to the y—axis
at the origin either if m = 2 or m is odd and é(m)(g)f[(g) > 0 (resp. if m
is odd and é(m)(g)f[(g) < 0).

From Lemma 9, each singularity of system (32) at infinity is either a
node, or a saddle or a saddle—node. In order to get the concrete parameter
conditions determining the dynamics of system (32) at infinity, we need the
Poincaré compactification [10].

Taking respectively the Poincaré transformations z = 1/z, y = u/z and
r =v/z, y = 1/z together with the time rescaling dr = dt; /22, system (32)
around the equator of the Poincaré sphere can be written respectively in

(35) = Gs(l,u), 2= —2P3(1,u),
and

(36) v =—G3(v,1), 2=—2Q3(v,1).
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Therefore, a singularity I, of system 3 located at the infinity of the line
y = zug is either a saddle if ﬁg(Uo)@é(Uo) > 0, or @g(uo) = @g(uo) =0 and
ﬁg(Uo)@ég) (ug) > 0; or a node if ﬁg(uo)@g(uo) <0, or ég(uo) = @g(uo) =0
and ﬁg(Uo)é?) (uo) < 0. If Gh(ug) = 0 and G4(ug) # 0, the singularity I,
at infinity is a saddle—node.

System (32) has a singularity I, located at the end of the y-axis. It is a
saddle if c1o > 1, or ¢19 = 1, d12 = c21 and da1 < c39- The singularity Iy is
a stable node if c1o < 1, or ¢12 = 1, di2 = co1 and do; > c30. And it is a
saddlenode if c1o = 1 and dy2 # co1.

Summarizing the above analysis, one needs to distinguish three cases:
co1 — diz = VA .

2(1 — 012)

A > 0, doy 75 c30, and cqa 75 1, where A = (d12 — 021)2 — 4(1 —
c12)(da1 — €30).
(77) G3(u) has two different real zeros 0 and u, where

uir, if do1 = c30, (diz — c21)(c12 — 1) #0,

up = uie, ifcia =1, (e30 —do1)(diz — c21) # 0,
uiz, if A =0,c0 # di2,

(i) Gs(u) has three different real zeros 0 and uy :=

: di2—c c30—d co1—d
with uyy = T230, wip = FO=2) and uiz = =15

(iii) Gs(u) has only one real zero 0 if either (Cs): A < 0 and (c12 —
1)(d21 —030) 7& O, or (ng): C12 = 1 and d12 = C21, Or (033): d21 = C30
and (c12 — 1)(d12 — c91) = 0 are satisfied.

Notice that P3 and Q3 share a non—constant common factor if do; = c39,
c12 = 1 and di2 = co1, which is not under the consideration.

Going back to the original system Xji;, the invariant line y = ugz of
system Hs as ug # 0 is an invariant curve of system X7i11, which is tangent
to the y-axis at the origin and connects the origin and the singularity Iy at
infinity. Moreover, the invariant curve of system X717 is usually a separatrix
of hyperbolic sectors, parabolic sectors or elliptic sectors, which is drawn in
thick blue curves in Fig. 1 and Fig. 2. The above analyses provide enough
preparation for studying global topological phase portraits of the quintic
quasi-homogeneous system X111. By the properties of the singularities I; at
infinity, we discuss three cases: a14 > 1, a14 < 1 and a4 = 1.

Firstly, we consider the case aj4 > 1, which implies that I; is a saddle.
In subcase (i), we obtain the 10 global phase portraits shown in Fig. 1
(I)-(V.2), in which we set without loss of generality uy > 0 > u_ for the
corresponding cubic homogeneous system Hg such that the two characteris-
tic lines have respectively positive and negative slopes. In subcase (ii), we
get the 14 global phase portraits for the system Xj1; given in Fig. 1 (I),
(I11.2), (IV.2), (VI.1)—(VIIL.2), where we choose u; > 0 for the correspond-
ing cubic homogeneous system #H3. In subcase (iii), we obtain the 4 global
phase portraits for the system Xi11 given in Fig. 1 (I), (IX)—(XI).
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FIiGURE 1. Global phase portraits of system Xj11 as ajq4 > 1.
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Secondly, we consider the case a14 < 1, which implies that ¢12 < 1/2 < 1
and [I; is a stable node. Similarly to the case aj4 > 1, we discuss the
three subcases (i)—(7i7) under the condition ¢12 < 1. In subcase (i), we
obtain the 6 global phase portraits shown in Fig. 2 (Z)- (V), in which we
let uy > 0 > w_ for the corresponding cubic homogeneous system Hs. In
subcase (i), we get the 6 global phase portraits for the system X111 given in
Fig. 2 (VI)-(VIZIZ.3), where we choose u; > 0 for the corresponding cubic
homogeneous system Hs. In subcase (iii), we obtain the 2 global phase
portraits for the system Xj1; given in Fig. 2 (ZX)—(X).

(zx) (X)

FIGURE 2. Global phase portraits of system X111 as a14 < 1.

Tables 1 and 2 show the parameter conditions under which system X711
has the phase portraits given in Fig. 1 and Fig. 2, where we have used
the relation between the parameters of X111 and Hs, i.e. c12 = a14/(2bps),

co1 = a22/(2bos), c30 = aszo/(2bos), diz = bi3/bos, d21 = ba1/bos. Note that
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each upper half part of the figure of system Hg according to Fig. 1 and Fig. 2
is equivalent to some half part of the one in Figure 5.1 (1)—(14) of Cima and

Llibre [8], which is also pointed out in Table 1 and Table 2

or u1 = w3, Ps(u1) < 0, G4 (u1) <0, Ps )

Figure parameter conditions Figure 5.1 of [§]
Figure (I) Ps(us) > 0, Gs(uy)Gs(u—) >0, P3(0) >0 Figure (4)
Figure (I) or u1 = u11, Ps(u1) > 0, G3(u1) # 0, Ps(0) > 0,

or ur = u12, Ps(u1) > 0, G4(u1) # 0, P3(0) > 0, Figure (8)
or up = s, Ps(u) > 0, @g(m) #£0, P3(0) >0
Figure (I) Condition (C31) or (ng) 3(0) # 0, P3(0) > 0, Figure (11)
or Condition (Cs3), G4'(0) # 0, P3(0) > 0
Figure (I) Condition (Cs3), G3(0) # 0, P3(0) > Figure (13)
Figure (II) P3(u+) <0, Gz(us) >0, P3(0) >0 Figure (1)
Figure (I11.1) Ps(uy) >0, Gs(ux) >0, P3(0) <0 Figure (5)
Figure (111.2) Ps(uy)Ps(u—) <0, Gs(ux) <0, P5(0) >0 Figure (5)
Figure (I11.2) | or u1 = w11, Ps(u1) < 0, G5(u1) < 0, P5(0) > 0,
or uy = u12, Ps(u1) < 0, G4(u1) <0, P3(0) >0, Figure (9)
Figure (I11.3) P3(ut) <0, Gi(us) <0, P3(0) <0 Figure (5)
Figure (IV.1) P3(u+) >0, Gz(us) <0, P3(0) <0 Figure (2)
Figure (IV.2) Ps(ut)Ps(u—) <0, Gz(ux) >0, P5(0) >0 Figure (2)
Figure (IV.2) or u = u11, Ps(u1) <0, Gs(u1) > 0, P5(0) >0 Figure (6)
Figure (IV.3) Py(us) <0, G5(ux) >0, P3(0) <0 Figure (2)
Figure (V.1) Ps(uy)P3(u—) <0, Gz(usx) > 0, P5(0) <0 Figure (3)
Figure (V.2) Ps(uy)Ps(u—) <0, G3(ut) <0, P3(0) < O Figure (3)
Figure (VI.1) ur = ui1, Ps(u1) > 0, G5(u1) > 0, P3(0) < Figure (7)
Figure (VI.2) w1 = w12, Ps(u1) <0, Gi(u1) <0, P3(0) < Figure (7)
Figure (VI1.3) w1 = wis, Ps(u1) <0, G5 (u1) > 0, P3(0) > Figure (7)
Figure (V1.4) ur = w13, Ps(u1) <0, G5(u1) <0, P3(0) > Figure (7)
Figure (V1.5) ur = ui1, Ps(u1) > 0, G5(u1) < 0, P3(0) < Figure (7)
Figure (VI1.6) w1 = uiz2, Ps(u1) <0, G(u1) > 0, P5(0) < Figure (7)
Figure (VIL.1) Ul = Uiz, P;( 1) >0, G5(u1) < 0, Pd(O) Figure (6)
or u1 = u13, P3(U1) > 0 é//( ) > O P3( )
Figure (VIL.2) w1 = w12, P3(u1) <0, Gi(u1) > 0, P3(0) > Figure (6)
Figure (VIL.3) ur = w11, Ps(u1) <0, Gs(u1) > 0, P3(0) Figure (6)
or uy = uys, Ps(u1) <0, G4 (u1) >0, P3(0)
Figure (VIIL1) | w1 = ui2, P3(u1) >0, G3(u1) >0, P3(O) Figure (9)
or U1 = U13, P3(U1) >0, G3(U1) < O Pg(O)
Figure (VIIL2) | w1 = w11, Ps(u1) <0, Gz(u1) <0, P3(0) < Figure (9)
(0

Figure (IX)

Condition (Cs1), G5(0) > 0, P3(0) <0,
or Condition (C32), G3(0) > 0, P3(0) < 0
or Condition (Cs3), G4'(0) > 0, P3(0

Figure (10)

Figure (X)

) <
Condition (C31) or (ng) G5(0) <0, P3(0 )
or Condition (Cs3), G4'(0) < 0, P5(0) <

Figure (12)

Figure (XI)

Condition (ng), 3( ) 75 0, Pg( ) < O

Figure (14)

Table 1. Parameter conditions of figures (I)-(XI) as a14 > 1.
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Figure parameter conditions Figure 5.1 of [8]
Figure (Z) Ps(us) >0, Gi(ux) > 0, P5(0) > Figure (4)
Figure (ZZ) Ps(u+) <0, Ga(us) > 0, P5(0) > Figure (1)

Figure (ZZ7) Ps(u+) >0, Gz(ux) > 0, P5(0) < Figure (5)

Figure (ZV.1) Ps(us) <0, Gs(ux) > 0, P5(0) < Figure (2)

Figure (ZV.2) P3(uy)Ps(u—) <0, Gs(ux) > 0, Pg(O) >0 Figure (2)

Figure (V) Ps3(uy)Ps(u-) <0, Gs(ux) > 0, P3(0) < O Figure (3)

Figure (VI) u1 = u11, P3(u1) > 0, Gz(ur) > 0, P3(0) > Figure (8)
or U1 = U13, ﬁ3(U1) > 0, ég( ) > 0, P3( )

Figure (VIZ.1) ur = u11, Ps(u1) >0, Gz(ur) > 0, P3(0) < Figure (7

(7)

Figure (VIZ.2) ur = u1z, Ps(u1) <0, G5 (u1) > 0, P5(0) > 0 Figure (7)

Figure (VIII.l) ur = uii, Pg(ul) < 0, Gé(’llq) > 0 Pg(()) Figure (6)

Figure (VIZZ.2) | w1 = u11, Ps(u1) <0, G5(u1) > 0, P3(0) < 0, Figure (6)

or U1 = u13, ﬁg(lﬂ) < 0, @é (U1) > 0, Pg(O) <0

Figure (VIZZ.3) | w1 = wis, Ps(u1) > 0, G5 (u1) > 0, P5(0) <0 Figure (6)

Figure (ZX) Condition (Cs3), G3'(0) > 0, P3(0) <0 Figure (10)
or Condition (Cs1), @Q(O) >0, P5(0) <0

Figure (X) Condition (Cs1), G (0) >0, P3(0) >0, Figure (11)
or Condition (Cs3), G4'(0) > 0, P3(0) > 0

Table 2. Parameter conditions of figures (Z)-(X) as a14 < 1.

At last, we consider the case aj4 = 1, which implies that c¢;2 = 1/2 and
the infinity fulfils singularities. Besides, by a time rescaling dm = zdm,
system (31) becomes

(37) o = v((az2 — bi3)v + (azo — ba1)v?z),
2= —(1+ bizvz + byv?22).

Clearly, system (37) has no singularities on the axis z = 0. Note that
the global structures of system (37) and system (31) are equivalent outside
z = 0. Hence, except the y—axis no orbits connect the singularities at infinity
of system X117 other than Iy. Similar to the case a4 < 1, we also have
exactly the 14 subcases given in Table 2, and consequently we will obtain 14
different topological phase portraits, which are different from those in Fig.
1 only now the infinity fulfils singularities instead of the invariant line at
infinity.

Summarizing the above analysis, we get that system X;1; has totally 52
topological phase portraits without taking into account direction of the time.
We complete the proof of the theorem. O

Finally we study topological structures of the homogeneous system Ho,
which corresponds to the quasi-homogeneous systems Xg11, X113 and Xi3;.

Theorem 12. The global phase portraits of the quintic quasi—-homogeneous
systems Xo11, X113 and X131 are topologically equivalent to one of the phase
portraits in Figs. 8 and 4 without taking into account the direction of the
time.
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Proof. Since the homogeneous systems associated to X113 and X131 are sub—
systems of the homogeneous systems associated to Xg11 with ags = bog = 0,
we only need to study system X1 for arbitrary ags and bog.

Similar to the discussion of the cubic homogeneous system H3 in Theorem
11, we set

Ho = (Pa(x,y),Q2(x,y)) and Ga(z,y) = 2Q2(z,y) — yPa(z,y).

Through the change of variables between the quasi-homogeneous differential
systems and their associated homogeneous ones we get that the invariant line
y = upx of system Hy as ug # 0 corresponds to an invariant curve of system
Xo11, which is tangent to the y—axis at the origin, and connects the origin
and the singularity at infinity located at the end of x-axis. Moreover, this
invariant curve of system Xp;1 is usually a separatrix of hyperbolic sectors,
parabolic sectors or elliptic sectors, which is drawn in thick blue curves in
Fig. 3. Note that Ga(z,y) is of degree three. It follows that Xg;; has at
least one characteristic direction at the origin. From [26, Chapter 10], we
can move the characteristic direction to the z—axis and system Hs can be
written by a linear transformation as

(38) i1 = o1@] + a1y + eyl

i1 = Praziyr + Poayi.

Since system #Hs has no a common factor, and so is system (38). It forces
that a1 # 0. Using the inverse of change (21), we transform system (38)
into

(39) {96 = an2? + apry? + any?,

y = (Brawy + B22y®)/2.

Taking the Poincaré transformations x = v/z, y = 1/z together with the
time rescaling dt; = z3dt, system (39) around the equator of the Poincaré
sphere can be written in

(40) {i} = a9 + (12 — %)vz + (o1 — %)UQZQ,

Z= —22(% + %vz).

Therefore, system (39) has a unique singularity at the infinity when agg # 0,
which is fg located at the end of the x—axis. When asy = 0, the infinity of
system (39) is fulled up with singularities. Moving away the common factor
z of system (40), the new system has a unique singularity on z = 0, i.e. 71,
which is at the end of the y—axis. For this new system we can check that I
is either a saddle if (212 — B22)B22 > 0, or a node if (2a12 — B22)B22 < 0.
Moreover, under the condition ags = 0 we can show that system (39) has
always the singularity I at the end of the z—axis, which is degenerate. When
B22 = 0 and age = 0, system (38) has a common factor, which is out of our
consideration. When 2a19 — P23 = 0, S22 # 0 and age = 0, moving away
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the common factor 22 of system (40), the new system has no singularities
on z = 0.

Having the above preparation, we now study the globgl phase portraits
of system Xp1; according to the number of the zeros of Ga(u) := Ga(1,u),
which can have either one, or two, or three real roots. The next results can
be obtained by using [26, Theorem 10.5], the details are omitted.

Case (i). Ga(u) has three different real zeros. Then we obtain the 3 global
phase portraits given in Fig. 3 for the system Xgq1.

5696k

FIGURE 3. Phase portraits of Xo1; in case (7).

ST LS

FIGURE 4. Phase portraits of Xo1; in case (i7) and case (7i1).

Case (ii). Ga(u) has two different real zeros. Then we get 2 global phase
portraits, which are given in the first two figures of Fig. 4 for system Xpi1.
Case (iii). Go(u) has only one real zero. Then we obtain 2 global phase
portraits, which are given in the last two figures of Fig. 4 for system Xoi1.

We complete the proof of the theorem. O

We remark that the quintic quasi-homogeneous system other than X1,
Xo11, X113 and X337 either has a nondegenerate linear part, or can be re-
duced to a linear system, or to a constant system by using Lemma 5 and
Theorem 1. Hence, their global structures are not difficult to be obtained.
The details are omitted here.

By Theorem 1 and 6 we can prove easily the results of [24, Theorem
1.2]. In fact, only system Xgo; in all quintic quasi-homogeneous but non—
homogeneous systems can have a center at the origin when ajo = —3bg3 and
a12bo3 — apsb1p > 0. And only in this case, the linear system )2021 translated
from Xg2; and given in the proof of Theorem 6 has a pair of conjugate pure
imaginary eigenvalues.
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